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Introduction

Abstract

We consider several enumeration problems of TSSCPPs (totally
symmetric self-complementary plane partitions) and establish
certain bijections with (domino) plane partitions under some
conditions. We show that the enumaration of the (domino) plane
partitions is closely related to Littlewood’s formulae or Cauchy’s
formulae of Schur functions.
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© Plane partitions

© Schur functions

© RCSPPs (Restricted column-strict plane partitions)
© Twisted Bender-Knuth involutions

© RCSDPPs (Restricted column-strict Domino plane partitions)
with all rows of even lenth

© Twisted domino plane partitions

@ RCSDPPs (Restricted column-strict Domino plane partitions)
with all columns of even lenth

©@ RCSPPs (Restricted column-strict plane partitions) with
restricted row length
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Totally symmetric self-complementary plane partitions

Plane partitions

Definition

A plane partition is an array m = (mjj)ij>1 of nonnegative integers
such that 7 has finite support (i.e., finitely many nonzero entries)
and is weakly decreasing in rows and columns.
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Totally symmetric self-complementary plane partitions

Plane partitions

Definition

A plane partition is an array 7 = (7jj)ij=1 Of nonnegative integers
such that 7 has finite support (i.e., finitely many nonzero entries)
and is weakly decreasing in rows and columns. If }’; -, mj = n,
then we write 7] = n and say that x is a plane partition of n, or
has the weight n.
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Totally symmetric self-complementary plane partitions

Plane partitions

Definition

A plane partition is an array 7 = (7jj)ij=1 Of nonnegative integers
such that 7 has finite support (i.e., finitely many nonzero entries)
and is weakly decreasing in rows and columns. If }’; -4 mj = n,
then we write 7] = n and say that x is a plane partition of n, or
has the weight n.

Example
A plane partition of 14

321 1 O
2 21 0
110 O

0 0O
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Totally symmetric self-complementary plane partitions

Shape

Let 7 = ()i j>1 be a plane partition.
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Shape

Let 7 = ()i j>1 be a plane partition.
@ A partis a positive entry mj; > 0.
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Totally symmetric self-complementary plane partitions

Shape

Let 7 = ()i j>1 be a plane partition.
@ A partis a positive entry mj; > 0.

@ The shape of & is the ordinary partition A for which 7 has 4;
nonzero parts in the ith row.
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Totally symmetric self-complementary plane partitions

Let 7 = ()i j>1 be a plane partition.
@ A partis a positive entry mj; > 0.

@ The shape of & is the ordinary partition A for which 7 has 4;
nonzero parts in the ith row.

@ We say that 7 has r rows if r = £(2). Similarly, 7 has s
columns if s = ().
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Totally symmetric self-complementary plane partitions

Let 7 = ()i j>1 be a plane partition.
@ A partis a positive entry mj; > 0.

@ The shape of & is the ordinary partition A for which 7 has 4;
nonzero parts in the ith row.

@ We say that  has r rows if r = £(A). Similarly, 7 has s
columns if s = £(A’).

A plane partition of shape (432) with 3 rows and 4 columns:

3[2]1]1]
2[2]1
11
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Totally symmetric self-complementary plane partitions

Example of plane partitions

@ Plane partitions of 0: 0
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Totally symmetric self-complementary plane partitions
Example of plane partitions

@ Plane partitions of 0: 0

@ Plane partitions of 1:
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Totally symmetric self-complementary plane partitions
Example of plane partitions

@ Plane partitions of 0: 0

@ Plane partitions of 1:
@ Plane partitions of 2:
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Totally symmetric self-complementary plane partitions
Example of plane partitions

@ Plane partitions of 0: 0

@ Plane partitions of 1:
@ Plane partitions of 2:

@ Plane partitions of 3:

lll
1 1
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Totally symmetric self-complementary plane partitions
Ferrers graph

Definition
The Ferrers graph D(r) of r is the subset of P* defined by

D(r) = {(i.j.k) : k <}
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Totally symmetric self-complementary plane partitions

Ferrers graph

Definition

The Ferrers graph D(r) of r is the subset of P2 defined by

D(r) = {(i..k) : k < mj}

Example

Ferrers graph

312|1]1
2121
111

—>
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Totally symmetric self-complementary plane partitions

Definition

In the paper “Self-complementary totally symmetric plane
partitions” (J. Combin. Theory Ser. A 42, (1986), 277-292),
W.H. Mills, D.P. Robbins and H. Rumsey have defined totally
symmetric self-complementary plane partitions (TSSCPPSs).
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Totally symmetric self-complementary plane partitions

Definition

In the paper “Self-complementary totally symmetric plane
partitions” (J. Combin. Theory Ser. A 42, (1986), 277-292),
W.H. Mills, D.P. Robbins and H. Rumsey have defined totally
symmetric self-complementary plane partitions (TSSCPPSs).
A plane patrtition is said to be totally symmetric
self-complementary plane parition of size 2n if it is totally
symmetric and (2n, 2n, 2n)-self-complementary.
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Totally symmetric self-complementary plane partitions

Definition

In the paper “Self-complementary totally symmetric plane
partitions” (J. Combin. Theory Ser. A 42, (1986), 277-292),
W.H. Mills, D.P. Robbins and H. Rumsey have defined totally
symmetric self-complementary plane partitions (TSSCPPSs).
A plane patrtition is said to be totally symmetric
self-complementary plane parition of size 2n if it is totally
symmetric and (2n, 2n, 2n)-self-complementary.

We denote the set of all self-complementary totally symmetric
plane partitions of size 2n by .#},.
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Totally symmetric self-complementary plane partitions

Column-strictness

Definition
A plane patrtition is said to be column-strict if it is strictly
decreasing in coulumns.
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Totally symmetric self-complementary plane partitions

Column-strictness

A plane patrtition is said to be column-strict if it is strictly
decreasing in coulumns.

4

Example

515
4 1412|12|1]1
3|2
1)1

is a column-strict plane partition.

V.
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Totally symmetric self-complementary plane partitions

Column-strictness

A plane patrtition is said to be column-strict if it is strictly
decreasing in coulumns.

T =

514133 |3]1
41212 |1]1
2
1

5
4
3
1

is a column-strict plane partition.

o T By 3y 4y 32 _ ;
We. write X = X;X5X3X X<, where X = (X1,X2,...) is a tuple of
variables.
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Totally symmetric self-complementary plane partitions

Schur functions

Schur functions

Let X = (Xg,...,Xn) be an n-tuple of variables.
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Totally symmetric self-complementary plane partitions

Schur functions

Schur functions

Let X = (Xg,...,Xn) be an n-tuple of variables.
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Totally symmetric self-complementary plane partitions

Schur functions

Schur functions

Let X = (Xg,...,Xn) be an n-tuple of variables.
The Schur function s,(x) is, by definition,

sa(x) = Z X",

where the sum runs over all column-strict plane partitions of shape
A and each part < n.
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Totally symmetric self-complementary plane partitions

Schur functions

Schur functions

Let X = (Xg,...,Xn) be an n-tuple of variables.
The Schur function s,(x) is, by definition,

sa(x) = Z X",

where the sum runs over all column-strict plane partitions of shape
A and each part < n.

@ Schur functions are symmetric functions.
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Totally symmetric self-complementary plane partitions

Schur functions

Schur functions

Let X = (Xg,...,Xn) be an n-tuple of variables.
The Schur function s,(x) is, by definition,

sa(x) = Z X",

where the sum runs over all column-strict plane partitions of shape
A and each part < n.

@ Schur functions are symmetric functions.
. det(x(lﬁnfj

)lgl,]gn
@ S)(X)= -
/l( ) dm()(,mJ )a<ij<n
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Totally symmetric self-complementary plane partitions

Schur functions

Schur functions

Let X = (Xg,...,Xn) be an n-tuple of variables.
The Schur function s,(x) is, by definition,

sa(x) = Z X",

where the sum runs over all column-strict plane partitions of shape
A and each part < n.

@ Schur functions are symmetric functions.

Ai+n-j
det(x ' icijen
° S/l(x) = I n—j
det(x; " )1<ijsn
@ Schur functions are known as the irreducible characters of the

general linear groups.
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Totally symmetric self-complementary plane partitions
An Example of Schur functions

If = (22) and x = (X1, X2, X3), then the followings are
column-strict plane partitions with all parts < 3.

212 3|2 313
111 111 111
3|2 3|3 313
211 211 212

Hence we have

202 | u2u2 | 92u2 | 2 2 2
3(22)(x1,x2,x3) = X7X5 + X7X3 4+ X5X5 + X[ X2X3 4 X1X5X3 + X1X2X5.
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Totally symmetric self-complementary plane partitions
Littlewood type identities

Littlewood’s identity

Let x = (Xg,...,Xn) be n-tuple of variables. Then

Ys)=[]a-x)" [ @-x9)™

i—= 1<i<j<n

where the sum runs over all partitions A such that £(2) < n.
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Totally symmetric self-complementary plane partitions
Littlewood type identities

Littlewood’s identity

Let x = (Xg,...,Xn) be n-tuple of variables. Then

n

Ys)=[]a-x)" [ @-x9)™

i=1 1<i<j<n

where the sum runs over all partitions A such that £(2) < n.

A Littlewood type identity (the bounded version)

j—1 k+2n—j
det(x " =% ") 1qij<n

Z sax) = " (1 - %) [asicjen 09 — %) (1 = XiX;)’

1<k

where the sum runs over all partitions A contained in the rectangle
nxKk.
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Totally symmetric self-complementary plane partitions

Caushy type identities

The Caushy identity

LetXx = (X1,...,Xp) andy = (y1,...,Yn) be n-tuples of variables.

n

D sa)say) = [ [@-xp)™
A

ihj=1

where the sum runs over all partitions A such that £(1) < n.
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Totally symmetric self-complementary plane partitions

Caushy type identities

The Caushy identity

LetXx = (X1,...,Xp) andy = (y1,...,Yn) be n-tuples of variables.

ZSA x)sa(y l_[(l —Xin)_l,

=

where the sum runs over all partitions A such that £(1) < n.

A Cauchy type identity
An easy consequence of the above identity is the following:

n n

ZSA( )Su(y) = l_[(l x)t l_l(l—xiyj)‘l,

(A1) i=1 =1

where the sum runs over all pair (1, x) of partitions such that 1 2 u
and A\ u is a horizontal strip.

Masao Ishikawa Refined Enumeration of TSSCPPs




Totally symmetric self-complementary plane partitions

Caushy type identities

The Caushy identity

LetXx = (X1,...,Xp) andy = (y1,...,Yn) be n-tuples of variables.

n

D sa)say) = [ [@-xp)™
A

ihj=1

where the sum runs over all partitions A such that £(1) < n.

A Cauchy type identity
An easy consequence of the above identity is the following:

() =

Z S/I(X)s,u(y) = l_l(l + y,) l_l (1 — Xiyj)_l,
1 ij=1

where the sum runs over all pair (1, x) of partitions such that 1 € i
and u \ A is a vertical strip.
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Totally symmetric self-complementary plane partitions

Restricted column-strict plane partitions

Let &, denote the set of (ordinary) plane partitions ¢ = (Cjj)1<ij
subject to the constraints that
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Totally symmetric self-complementary plane partitions

Restricted column-strict plane partitions

Let &, denote the set of (ordinary) plane partitions ¢ = (Cjj)1<ij
subject to the constraints that

(C1) cis column-strict;
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Totally symmetric self-complementary plane partitions

Restricted column-strict plane partitions

Let &, denote the set of (ordinary) plane partitions ¢ = (Cjj)1<ij
subject to the constraints that

(C1) cis column-strict;
(C2) jth column is less than or equal to n —j.
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Totally symmetric self-complementary plane partitions

Restricted column-strict plane partitions

Let &, denote the set of (ordinary) plane partitions ¢ = (Cjj)1<ij
subject to the constraints that

(C1) cis column-strict;
(C2) jth column is less than or equal to n —j.
We call an element of &7, a restricted column-strict plane partition.
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Totally symmetric self-complementary plane partitions

Restricted column-strict plane partitions

Let &, denote the set of (ordinary) plane partitions ¢ = (Cjj)1<ij
subject to the constraints that

(C1) cis column-strict;
(C2) jth column is less than or equal to n —j.

We call an element of &, a restricted column-strict plane partition.
A part c;j of ¢ is said to be saturated if ¢j = n —].
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Totally symmetric self-complementary plane partitions

Restricted column-strict plane partitions

Let &, denote the set of (ordinary) plane partitions ¢ = (Cjj)1<ij
subject to the constraints that

(C1) cis column-strict;
(C2) jth column is less than or equal to n —j.

We call an element of &, a restricted column-strict plane partition.
A part ¢jj of c is said to be saturated if cj = n —].

&, consists of the single element 0.
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Totally symmetric self-complementary plane partitions

Restricted column-strict plane partitions

Let &, denote the set of (ordinary) plane partitions ¢ = (Cjj)1<ij
subject to the constraints that

(C1) cis column-strict;
(C2) jth column is less than or equal to n —j.

We call an element of &, a restricted column-strict plane partition.
A part ¢jj of c is said to be saturated if cj = n —].

P, consists of the following 2 elements:

0
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Totally symmetric self-complementary plane partitions

Restricted column-strict plane partitions

Let &, denote the set of (ordinary) plane partitions ¢ = (Cjj)1<ij
subject to the constraints that

(C1) cis column-strict;
(C2) jth column is less than or equal to n —j.

We call an element of &, a restricted column-strict plane partition.
A part ¢jj of c is said to be saturated if cj = n —].

P, consists of the following 2 elements:

0
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Totally symmetric self-complementary plane partitions

Restricted column-strict plane partitions

Let &, denote the set of (ordinary) plane partitions ¢ = (Cjj)1<ij
subject to the constraints that

(C1) cis column-strict;
(C2) jth column is less than or equal to n —j.

We call an element of &, a restricted column-strict plane partition.
A part ¢jj of c is said to be saturated if cj = n —].

P23 consists of the followng 7 elements:

0 2[1]
1
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Totally symmetric self-complementary plane partitions

Restricted column-strict plane partitions

Let &, denote the set of (ordinary) plane partitions ¢ = (Cjj)1<ij
subject to the constraints that

(C1) cis column-strict;
(C2) jth column is less than or equal to n —j.

We call an element of &, a restricted column-strict plane partition.
A part ¢jj of c is said to be saturated if cj = n —].

P23 consists of the followng 7 elements:

0 2]1]
1
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Totally symmetric self-complementary plane partitions

More General Definition

Let #,,  denote the set of (ordinary) plane partitions ¢ = (Cjj)1<ij
subject to the constraints that
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Totally symmetric self-complementary plane partitions

More General Definition

Let #,,  denote the set of (ordinary) plane partitions ¢ = (Cjj)1<ij
subject to the constraints that

(C1) c is column-strict;
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Totally symmetric self-complementary plane partitions

More General Definition

Let #,,  denote the set of (ordinary) plane partitions ¢ = (Cjj)1<ij
subject to the constraints that

(C1) c is column-strict;
(C2) jth column is less than or equal to m +n —j.
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Totally symmetric self-complementary plane partitions

More General Definition

Let #,,  denote the set of (ordinary) plane partitions ¢ = (Cjj)1<ij
subject to the constraints that

(C1) c is column-strict;
(C2) jth column is less than or equal to m + n —j.
(C3) c has at most n columns.
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Totally symmetric self-complementary plane partitions

More General Definition

Let #,,  denote the set of (ordinary) plane partitions ¢ = (Cjj)1<ij
subject to the constraints that

(C1) c is column-strict;

(C2) jth column is less than or equal to m + n —j.
(C3) c has at most n columns.

P 4 consists of the followng 1 element:

0
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Totally symmetric self-complementary plane partitions

More General Definition

Let #,,  denote the set of (ordinary) plane partitions ¢ = (Cjj)1<ij
subject to the constraints that

(C1) c is column-strict;

(C2) jth column is less than or equal to m + n —j.
(C3) c has at most n columns.

P 3 consists of the followng 8 elements:

0
1
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Totally symmetric self-complementary plane partitions

More General Definition

P, 5 consists of the followng 25 elements:
0 % 2[1]
1| |1
212] [2]2] [3] [3]1] [3]2] 3] [3]1] [3]2]
1 [21 1 1 [
312] [3] [3]1] [3]2] [3]2] 3] [3[1] [3]2] [3]2
1] 2] 2 [ [21 2] [2] [2[1
1] & [
P31 = P40 consists of 42 elements.
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Totally symmetric self-complementary plane partitions

Another bijection

Let n be a positive integer.
Then we can consruct a bijection from .#, to &,.
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Totally symmetric self-complementary plane partitions

Another bijection

Let n be a positive integer.
Then we can consruct a bijection from .#, to &,.
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Totally symmetric self-complementary plane partitions

Another bijection

Let n be a positive integer.
Then we can consruct a bijection from .#, to &,.

T2 n=3

7
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Totally symmetric self-complementary plane partitions

Another bijection

Let n be a positive integer.
Then we can consruct a bijection from .#, to &,.

T3 n=3

Masao Ishikawa Refined Enumeration of TSSCPPs



Totally symmetric self-complementary plane partitions

Another bijection

Let n be a positive integer.
Then we can consruct a bijection from .#, to &,.

T4 n=3

min
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Totally symmetric self-complementary plane partitions

Another bijection

Let n be a positive integer.
Then we can consruct a bijection from .#, to &,.

s n=3

] N YE
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Totally symmetric self-complementary plane partitions

Another bijection

Theorem

Let n be a positive integer.
Then we can consruct a bijection from .#, to &,.

Example

L
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Totally symmetric self-complementary plane partitions

Another bijection

Theorem

Let n be a positive integer.
Then we can consruct a bijection from .#, to &,.

Example

L
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Totally symmetric self-complementary plane partitions

Mills-Robbins-Rumsey statistics in words of RCSPP

Definition
Letc = (Cj)1<ij € Pnandk =1,...,n.
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Totally symmetric self-complementary plane partitions

Mills-Robbins-Rumsey statistics in words of RCSPP

Definition

Letc = (Cj)i<ij € Pnandk =1,...,n.

Let Uk(c) denote the number of parts equal to k plus the number
of saturated parts less than k.
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Totally symmetric self-complementary plane partitions

Mills-Robbins-Rumsey statistics in words of RCSPP

Definition

Letc = (Cj)i<ij € Pnandk =1,...,n.

Let Uy (c) denote the number of parts equal to k plus the number
of saturated parts less than k.

5|15|4]12]2
414131
3122
211

1
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Totally symmetric self-complementary plane partitions

Mills-Robbins-Rumsey statistics in words of RCSPP

Definition

Letc = (Cj)i<ij € Pnandk =1,...,n.

Let Uy (c) denote the number of parts equal to k plus the number
of saturated parts less than k.

Example

n =7, c e %3, Saturated parts

5|15|1412]2
414131
3122
211

1
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Totally symmetric self-complementary plane partitions

Mills-Robbins-Rumsey statistics in words of RCSPP

Definition

Letc = (Cj)i<ij € Pnandk =1,...,n.

Let Uy (c) denote the number of parts equal to k plus the number
of saturated parts less than k.

Example

n=7,ce Pk =1,U;(c)=3

5|15|4]12]2
414131
3122
211

1
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Totally symmetric self-complementary plane partitions

Mills-Robbins-Rumsey statistics in words of RCSPP

Definition

Letc = (Cj)i<ij € Pnandk =1,...,n.

Let Uy (c) denote the number of parts equal to k plus the number
of saturated parts less than k.

Example

n=7,ce Pk =2U,c)=5

5|15|4]12]2
414131
3122
211

1
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Totally symmetric self-complementary plane partitions

Mills-Robbins-Rumsey statistics in words of RCSPP

Definition

Letc = (Cj)i<ij € Pnandk =1,...,n.

Let Uy (c) denote the number of parts equal to k plus the number
of saturated parts less than k.

Example

n=7c€ Pk =3,Us(c) =3

5|15|4]12]|2
4141311
3122
211

1
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Totally symmetric self-complementary plane partitions

Mills-Robbins-Rumsey statistics in words of RCSPP

Definition

Letc = (Cj)i<ij € Pnandk =1,...,n.

Let Uy (c) denote the number of parts equal to k plus the number
of saturated parts less than k.

Example

n=7,c€ Ps k =4,U4c) =4

5|15|412]2
4141311
3122
211

1
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Totally symmetric self-complementary plane partitions

Mills-Robbins-Rumsey statistics in words of RCSPP

Definition

Letc = (Cj)i<ij € Pnandk =1,...,n.

Let Uy (c) denote the number of parts equal to k plus the number
of saturated parts less than k.

Example
n=7c¢€ Pk =5Us(c)=4

5|54 ]2]2
414131
3122
211

1
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Totally symmetric self-complementary plane partitions

Mills-Robbins-Rumsey statistics in words of RCSPP

Definition

Letc = (Cj)i<ij € Pnandk =1,...,n.

Let Uy (c) denote the number of parts equal to k plus the number
of saturated parts less than k.

Example

n=7,c€ Pk =6,Ug(c) =3

515|1412]2
414131
3122
211

1
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Totally symmetric self-complementary plane partitions

Mills-Robbins-Rumsey statistics in words of RCSPP

Definition

Letc = (Cj)i<ij € Pnandk =1,...,n.

Let Uy (c) denote the number of parts equal to k plus the number
of saturated parts less than k.

Example

n=7,ce Pk =7U;(c)=3

515|1412]2
414131
3122
211

1
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Totally symmetric self-complementary plane partitions
The Bender-Knuth involution

The Bender-Knuth involution

A classical method to prove that a Schur function is symmetric is to
define involutions fx on column-strict plane partitions ¢ which
swaps the number of k’s and (k — 1)’s, for each k.
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Totally symmetric self-complementary plane partitions
The Bender-Knuth involution

The Bender-Knuth involution

A classical method to prove that a Schur function is symmetric is to
define involutions f, on column-strict plane partitions ¢ which
swaps the number of k’s and (k — 1)’s, for each k. Consider the
parts of ¢ equal to k or k — 1.
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Totally symmetric self-complementary plane partitions
The Bender-Knuth involution

The Bender-Knuth involution

A classical method to prove that a Schur function is symmetric is to
define involutions f, on column-strict plane partitions ¢ which
swaps the number of k’s and (k — 1)’s, for each k. Consider the
parts of ¢ equal to k or k — 1. If both of k and k — 1 appear in the
same column, we say k and k — 1 paired.
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Totally symmetric self-complementary plane partitions
The Bender-Knuth involution

The Bender-Knuth involution

A classical method to prove that a Schur function is symmetric is to
define involutions f, on column-strict plane partitions ¢ which
swaps the number of k’s and (k — 1)’s, for each k. Consider the
parts of ¢ equal to k or k — 1. If both of k and k — 1 appear in the
same column, we say k and k — 1 paired. The other unpaired k’s
and k — 1’s are swaped in each row.
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Totally symmetric self-complementary plane partitions

The Bender-Knuth involution

The Bender-Knuth involution

A classical method to prove that a Schur function is symmetric is to
define involutions f, on column-strict plane partitions ¢ which
swaps the number of k’s and (k — 1)’s, for each k. Consider the
parts of ¢ equal to k or k — 1. If both of k and k — 1 appear in the
same column, we say k and k — 1 paired. The other unpaired k’s
and k — 1’s are swaped in each row.

f, acts on the following column-strict plane partitions:

51514133 ]|3|3|2|1]1
414131221 ]1]1
312|121
111
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Totally symmetric self-complementary plane partitions

The Bender-Knuth involution

The Bender-Knuth involution

A classical method to prove that a Schur function is symmetric is to
define involutions f, on column-strict plane partitions ¢ which
swaps the number of k’s and (k — 1)’s, for each k. Consider the
parts of ¢ equal to k or k — 1. If both of k and k — 1 appear in the
same column, we say k and k — 1 paired. The other unpaired k’s
and k — 1’s are swaped in each row.

f, acts on the following column-strict plane partitions:

515]14]13|3|3|3|2|2]2
414131222 ]|1]1
312|1]1
211
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Totally symmetric self-complementary plane partitions

The Bender-Knuth involution

f, gives a proof of

S/I(XZ, Xl’ X3’ coog Xn) — S/i(xl, X2’ X37 coog Xn)-

Hence s,(X1, X2, - - -, Xn) iS @ Ssymmetric function.
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Totally symmetric self-complementary plane partitions

Twisted Bender-Knuth involution

Definition
If k > 2, we define a Bender-Knuth-type involution 7, on &7, which
swaps k’s and (k — 1)’s where we ignore saturated (k — 1) when

we perform a swap.
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Totally symmetric self-complementary plane partitions

Twisted Bender-Knuth involution

Definition

If k > 2, we define a Bender-Knuth-type involution 7, on &7, which
swaps k’s and (k — 1)’s where we ignore saturated (k — 1) when
we perform a swap.

Example

n =7 Apply7s to the following ¢ € 4.

5|15|1412]2
414131
3122
211

1
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Totally symmetric self-complementary plane partitions

Twisted Bender-Knuth involution

Definition

If k > 2, we define a Bender-Knuth-type involution 7, on &7, which
swaps k’s and (k — 1)’s where we ignore saturated (k — 1) when
we perform a swap.

Example

n =7 Apply7s to the following ¢ € 4.

5|15|1412]2
4141311
312| 2

211

1
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Totally symmetric self-complementary plane partitions

Twisted Bender-Knuth involution

Definition

If k > 2, we define a Bender-Knuth-type involution 7, on &7, which
swaps k’s and (k — 1)’s where we ignore saturated (k — 1) when
we perform a swap.

Example

n =7 Then we obtain the following 7r3(c) € Z.

5|15]|4 2
4141311

3 2

211

1
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Totally symmetric self-complementary plane partitions

Twisted Bender-Knuth involution

Definition
We define an involution 77, on &7, similarly assuming the outside of
the shape is filled with O.
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Totally symmetric self-complementary plane partitions

Twisted Bender-Knuth involution

We define an involution 77, on &7, similarly assuming the outside of
the shape is filled with O.

n =7 Apply; to the following ¢ € &3.
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Totally symmetric self-complementary plane partitions

Twisted Bender-Knuth involution

We define an involution 77, on &7, similarly assuming the outside of
the shape is filled with O.

n =7 Apply; to the following ¢ € &3.
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Totally symmetric self-complementary plane partitions

Flips in words of RCSPP

Definition
We define involutions on &7,

Y = mn3ns -,

and we put @f (resp. @Z) the set of elements &7, invariant under
o (resp. ).
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Totally symmetric self-complementary plane partitions

Flips in words of RCSPP

Definition
We define involutions on &7,

Y = mn3ns -,

and we put @f (resp. @Z) the set of elements &7, invariant under
o (resp. ).

Conjecture 4 (Conjecture 4 of Mills, Robbins and Rumsey, “Self-complementary totally symmetric plane

partitions”, J. Combin. Theory Ser. A 42, (1986).)
Letn >2andr, 0 <r < n be integers. Then the number of
elements ¢ in &, with p(c) = ¢ and U1 (c) = r would be the same
as the number of n by n alternating sign matrices a invariant under
the half turn in their own planes (that is aj = an1-in+1-i for

1 <i,j £ n) and satisfying a; = 1.
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Totally symmetric self-complementary plane partitions

Flips in words of RCSPP

Definition
We define involutions on &7,

Y = mn3ns -,

and we put @f (resp. @Z) the set of elements &7, invariant under
o (resp. ).

Conjecture 6 (Conjecture 6 of Mills, Robbins and Rumsey, “Self-complementary totally symmetric plane

partitions”, J. Combin. Theory Ser. A 42, (1986).)
Letn > 3 an odd integer and i, 0 <i < n —1 be an integer. Then
the number of ¢ in &, with y(c) = ¢ and U,(c) = i would be the
same as the number of n by n alternating sign matrices with
aj; = 1 and which are invariant under the vertical flip (that is
aj = ajpy1-j for1 <i,j <n).

Masao Ishikawa Refined Enumeration of TSSCPPs




Totally symmetric self-complementary plane partitions

Invariants under p

P7 = (0}
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Totally symmetric self-complementary plane partitions

Invariants under p

74 = 0. [1])
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Totally symmetric self-complementary plane partitions
Invariants under p

ﬁg is composed of the following 3 RCSPPs:

0 2[1]
1
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Totally symmetric self-complementary plane partitions
Invariants under p

ﬁf:’ is composed of the following 10 elements:
0 2|2
11
2[2]1] 3]2 3]2]1]
1]1 2[1 2[1
1) 1)
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Totally symmetric self-complementary plane partitions

Invariants under p

ﬁg has 25 elements, and @65 has 140 elements.
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Totally symmetric self-complementary plane partitions

Invariants under y

Proposition
If c € &2, is invariant under 7y, then n must be an odd integer.
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Totally symmetric self-complementary plane partitions
Invariants under y

Proposition

If c € &2, is invariant under 7y, then n must be an odd integer.

Thus we have L@Z = {}
@Z is composed of the following 3 RCSPPs:

3|2]1]

=
NN
N

and @57 has 26 elements.
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Totally symmetric self-complementary plane partitions

Invariants under y

If c € P54 is invariant under y, then ¢ has no saturated parts.
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Totally symmetric self-complementary plane partitions
Invariants under y

If c € Y511 is invariant under y, then ¢ has no saturated parts.

Example
The following ¢ € &1, is invariant under 7:

717|166 ]|]3|2|1]1
515|433 ]|1
413|122

111
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Totally symmetric self-complementary plane partitions
Invariants under y

If c € Y511 is invariant under y, then ¢ has no saturated parts.

Example

Remove all 1's from ¢ € 2.

S N S, [ PN

Rlw|lo|~
D
w
[
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Totally symmetric self-complementary plane partitions
Invariants under y

If c € Y511 is invariant under y, then ¢ has no saturated parts.

Example
Then we obtain a PP in which each row has even length.
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Totally symmetric self-complementary plane partitions
Invariants under y

Example
Identify 3 with 2, 5 with 4, and 7 with 6.

If c € Y511 is invariant under y, then ¢ has no saturated parts.
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Totally symmetric self-complementary plane partitions
Invariants under y

Example

Repace 3 and 2 by dominos containing 1, 5 and 4 by dominos con-
taining 2, 7 and & by dominos containing 3.

If c € Y511 is invariant under y, then ¢ has no saturated parts.
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Totally symmetric self-complementary plane partitions

Column-strict domino plane partitions

Let m and n > 1 be nonnegative integers. Let &, m denote the set
of column-strict domino plane partitions d = (dij)lgi,j such that

Masao Ishikawa Refined Enumeration of TSSCPPs



Totally symmetric self-complementary plane partitions

Column-strict domino plane partitions

Let m and n > 1 be nonnegative integers. Let &, m denote the set
of column-strict domino plane partitions d = (dij)lgi,j such that

(D1) d has at most n columns;
(D2)
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Totally symmetric self-complementary plane partitions

Column-strict domino plane partitions

Let m and n > 1 be nonnegative integers. Let &, m denote the set
of column-strict domino plane partitions d = (dij)lgi,j such that

(D1) d has at most n columns;

(D2) each number in a domino which cross the jth column does not
exceed [(n +m —j)/2].
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Totally symmetric self-complementary plane partitions

Column-strict domino plane partitions

Let m and n > 1 be nonnegative integers. Let &, m denote the set
of column-strict domino plane partitions d = (dij)lgi,j such that

(D1) d has at most n columns;

(D2) each number in a domino which cross the jth column does not
exceed [(n+m —j)/2].

If a number in a domino which cross the jth column of ¢ is equal to
[(n 4+ m —j)/2], we call it a saturated part.
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Totally symmetric self-complementary plane partitions

Column-strict domino plane partitions

Let m and n > 1 be nonnegative integers. Let &, m denote the set
of column-strict domino plane partitions d = (dij)lgi,j such that

(D1) d has at most n columns;

(D2) each number in a domino which cross the jth column does not
exceed [(n+m —j)/2].

If a number in a domino which cross the jth column of ¢ is equal to
[(n+m—j)/2], we call it a saturated part. Let 7 (resp. 7))
denote the set of all d € %, which satisfy the condition that

(D3) each row (resp. column) of d has even length.
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Totally symmetric self-complementary plane partitions

Column-strict domino plane partitions

Let m and n > 1 be nonnegative integers. Let &, m denote the set
of column-strict domino plane partitions d = (dij)lgi,j such that

(D1) d has at most n columns;

(D2) each number in a domino which cross the jth column does not
exceed [(n+m —j)/2].

If a number in a domino which cross the jth column of ¢ is equal to
[(n 4+ m —j)/2], we call it a saturated part. Let _@,ffm (resp. @rﬁfm)
denote the set of all d € %, which satisfy the condition that

(D3) each row (resp. column) of d has even length.
When m = 0, we write 7, for Zpo, 7 for .@rffo and 7 for 2%,
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Totally symmetric self-complementary plane partitions

A bijection

Let n be a positive integer. Let 72,41 denote our bijection of @7

2n+1
R
onto 7, ;.
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Totally symmetric self-complementary plane partitions

A bijection

Let n be a positive integer. Let 72,41 denote our bijection of @7

- _ 2n+1
onto 2R . Then we have Ui(tzn41(c)) = Ux(c).
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Totally symmetric self-complementary plane partitions

A bijection

Let n be a positive integer. Let 72,41 denote our bijection of @Zn i

onto 8 .. Then we have Uy (t2n+1(c)) = Uz(c).

Example

@f = {0} is the set of column-strict domino plane partitions with all
columns < 0.
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Totally symmetric self-complementary plane partitions
A bijection

Let n be a positive integer. Let 72,41 denote our bijection of @Zn i
onto 8 .. Then we have Uy (t2n+1(c)) = Uz(c).

@5 is composed of the following 3 elements:

0 ], T

This is the set of column-strict domino plane partitions with the first
and second columns < 1, other columns < 0 and each row of even
length.
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Totally symmetric self-complementary plane partitions
Example

Example

QSR is the set of column-strict domino plane partitions with the 1st
and 2nd columns < 2, the 3rd and 4th columns < 1, other columns
< 0 and each row of even length (26 elements):

2
1
1(1
21111 (2|2]|1|1 llAZlQZZL
1|

2 1] |2 2
11 11| |1]1
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Totally symmetric self-complementary plane partitions
Example

2(2|1{1| (2|2 22L2211

.@7R is the set of column-strict domino plane partitions with the 1st
and 2nd columns < 3, the 3rd and 4th columns < 2, the 5rd and
6th columns < 1, other columns < 0 and each row of even length
(646 elements).
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Totally symmetric self-complementary plane partitions

Statistics on Domino plane partitions

Definition

For d € Znm and a positive integer r > 1, let U, (d) denote the
number of parts equal to r plus the number of saturated parts less

thanr.
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Totally symmetric self-complementary plane partitions

Example

Theorem (Stanton-White, Carré-Leclerc)

We can define a map which associate a pair of column-strict plane
partitions in %, m with a domino plane partition in %, .

N

Color 0 Color 0 Color 1 Color 1
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Totally symmetric self-complementary plane partitions
Example

Theorem (Stanton-White, Carré-Leclerc)

We can define a map which associate a pair of column-strict plane
partitions in &, m with a domino plane partition in Z, m.

Let ® denote the map which associate the pair (co, ¢1) of
column-strict plane partitions with a column-strict domino plane

partition d.
Color 0 Color 0 Color 1 Color 1
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Totally symmetric self-complementary plane partitions

Domino plane partition

For example, we associate the column-strict domino plane partition

d:331N

the pair

Co=[1]1 Ct=3|3]|1

of plane partitions.
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Totally symmetric self-complementary plane partitions

Conditions on shape

Let d be a column-strict domino plane partition, and let
(Co,Cl) = q)(d) Then
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Totally symmetric self-complementary plane partitions

Conditions on shape

Let d be a column-strict domino plane partition, and let
(Co,Cl) = q)(d) Then

(i) All columns of d have even length if, and only if, shc; C shcg
and shcg \ she, is a vertical strip.
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Totally symmetric self-complementary plane partitions

Conditions on shape

Let d be a column-strict domino plane partition, and let
(Co,Cl) = q)(d) Then

(i) All columns of d have even length if, and only if, shc; € shcg
and shcg \ she; is a vertical strip.

(ii) All rows of d have even length if, and only if, shcy € shcy and
shecy \ sheg is a horizontal strip.
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Totally symmetric self-complementary plane partitions
From RCSPPs to lattce paths

LetV = {(x,y) € N?: 0 <y < x} be the vertex set,
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Totally symmetric self-complementary plane partitions
From RCSPPs to lattce paths

LetV = {(x,y) € N2: 0 <y < x} be the vertex set, and direct an
edge from u to v whenever v —u = (1,-1) or (0, -1).
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Totally symmetric self-complementary plane partitions
From RCSPPs to lattce paths

Theorem

LetV = {(x,y) € N2 : 0 <y < x} be the vertex set, and direct an
edge from u to v whenever v —u = (1,-1) or (0, -1).
Letuyj=(n—j,n—j)andv; = (4 +n—-j,0)forj=1,...,n, and let
u=(ug,...,up)andv = (vq,...,Vp).
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Totally symmetric self-complementary plane partitions
From RCSPPs to lattce paths

Theorem

LetV = {(x,y) € N2 : 0 <y < x} be the vertex set, and direct an
edge from u to v whenever v —u = (1,-1) or (0, -1).
Letuyj=(n—j,n—j)andv; = (4 +n—j,0)forj=1,...,n, and let
u=(ug,...,up)andv = (v,...,vp). We claim that the c € &,
of shape A’ can be identified with n-tuples of nonintersecting
D-paths in & (u,v).
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Totally symmetric self-complementary plane partitions
From RCSPPs to lattce paths

Theorem

LetV = {(x,y) € N2 : 0 <y < x} be the vertex set, and direct an
edge from u to v whenever v —u = (1,-1) or (0, -1).
Letuyj=(n—j,n—j)andv; = (4 +n—j,0)forj=1,...,n, and let
u=(up,...,up)andv = (vi,...,vp). We claimthatthe c € &,
of shape A’ can be identified with n-tuples of nonintersecting
D-paths in & (u,v).
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Totally symmetric self-complementary plane partitions
Example of lattice paths

n=7c¢e % RCSPP

RIN|B>] O
w
=

RIN]JW]A]O
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Totally symmetric self-complementary plane partitions

Example of lattice paths

Lattice paths
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Totally symmetric self-complementary plane partitions

Weight of each edge

Let u — v be an edge in from u to v.
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Totally symmetric self-complementary plane partitions
Weight of each edge

Let u — v be an edge in from u to v.

@ We assign the weight

{Hg_jtk X ifj =1,

tiX; ifj <1,

to the horizontal edge fromu = (i,j)tov = (i + 1,j — 1).
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Totally symmetric self-complementary plane partitions
Weight of each edge

Let u — v be an edge in from u to v.

@ We assign the weight
Mote-x  ifj =i,
§X; ifj <1,

to the horizontal edge fromu = (i,j)tov = (i + 1,j — 1).

@ We assign the weight 1 to the vertical edge from u = (i,j) to
v =(i,j—1).
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Totally symmetric self-complementary plane partitions
Weight of each edge

Let u — v be an edge in from u to v.

@ We assign the weight
M te-x  ifj=i,
tJXJ If] < i,
to the horizontal edge fromu = (i,j)tov = (i + 1,j — 1).
@ We assign the weight 1 to the vertical edge from u = (i,j) to
v={(i,j—1).
We write

tU(c)xc _ tlUl(C) - _tnUn(c)Xﬁ Isinc Xﬁ n'sin c
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Totally symmetric self-complementary plane partitions

Generating function

Let n be a positive integer.
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Totally symmetric self-complementary plane partitions
Generating function

Let n be a positive integer. Let A be a partition such that £(1) < n.
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Totally symmetric self-complementary plane partitions
Generating function

Let n be a positive integer. Let A be a partition such that £(1) < n.
Then the generating function of all plane partitions ¢ € &, of
shape A’ with the weight tY(¢)x¢ is given by

Z tU(C)xC = det (eﬁ:ﬁi(tlxl, oo tmim1 Xn—i=1, Tn—an—i)) s
cePn g 1<i,j<n
shc=A"

where T; = TT¢_; t.
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Totally symmetric self-complementary plane partitions
Generating function

Let n be a positive integer. Let A be a partition such that £(1) < n.
Then the generating function of all plane partitions ¢ € &, of
shape A’ with the weight tY(¢)x¢ is given by
Z tU(C)xC = det (eg_n:j:)ri(tlxl, oo thoiciXn—iz1, Tn—an—i)) g
cen ! 1<i,j<n
she=2"
where T; = [Tp_; t.
1]

02

1

1 txg t2htax? bigXixe tbtaXiXe tittaxaXe t2t3t2x2x,
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Totally symmetric self-complementary plane partitions

A determinantal expression

Let n be a positive integer.
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Totally symmetric self-complementary plane partitions

A determinantal expression

Let n be a positive integer. Then there is a bijection 75,1 from

Y R
Py 10 Doy
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Totally symmetric self-complementary plane partitions
A determinantal expression

Let n be a positive integer. Then there is a bijection 75,1 from

Py 10 DR, suchthat Us(tanga(c)) = Uz(c) forc € 275 .
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Totally symmetric self-complementary plane partitions

A determinantal expression

Let n be a positive integer. Then there is a bijection 75,1 from

Py 10 IR, suchthat Us(tanga(c)) = Uz(c) forc € 27 .

Let n > 2 be a positive integer.
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Totally symmetric self-complementary plane partitions

A determinantal expression

Let n be a positive integer. Then there is a bijection 75,1 from

Py 10 IR, suchthat Us(tanga(c)) = Uz(c) forc € 27 .

Theorem
Letn > 2 be a positive integer. Let R7(t) = (R )o<ij<n-1 be the
n X n matrix where

i1j-1 i+j-1\ [i+j-1 -1\,
RC = t t
L ( 2i - | )+{(2i—1—1)+(2i—j+1)} +( 2i -] )

with the convention that Rg,o = qul = i

| \
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Totally symmetric self-complementary plane partitions

A determinantal expression

Let n be a positive integer. Then there is a bijection 75,1 from

Py 10 IR, suchthat Us(tanga(c)) = Uz(c) forc € 27 .

Theorem
Let n > 2 be a positive integer. Let R3(t) = (Ri"j)ogi,jsn_l be the
n X n matrix where

i+j-1 i+j-1 i+j-1 ij—d1} 5
RS = t t
g ( 20 - )+{(2i—1—1)+(2i—j+1)} +( 2i -] )

with the convention that Rg,o = Rg,l =i
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Totally symmetric self-complementary plane partitions

A determinantal expression

Let n be a positive integer. Then there is a bijection 75,1 from

Py 10 IR, suchthat Us(tanga(c)) = Uz(c) forc € 27 .

Theorem
Let n > 2 be a positive integer. Let R3(t) = (Ri"j)ogi,jsn_l be the
n X n matrix where

i+j-1 i+j-1 i+j-1 ij—d1} 5
RS = t t
g ( 20 - )+{(2i—1—1)+(2i—j+1)} +( 2i -] )

with the convention that Rgo = Rgl = 1. Then we obtain

> 190 = detR2(1).

apY
ce/zh+1
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Totally symmetric self-complementary plane partitions
The determinants

If n = 2, then 3, tV2(¢) s given by

7
ceZ]

11
det( 0 14t+t2 )

which is equal to 1 + t + t2.
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Totally symmetric self-complementary plane partitions
The determinants

Ifn=3,then} 7 tV2(¢) s given by
<7

1 1 0
det|] 0 1+t+t>2 1+42t+t?
0 t 3+ 4t + 3t?

which is equal to 3 + 6t + 8t + 6t° + 3t*,
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Totally symmetric self-complementary plane partitions
The determinants

Ifn=4,then} 7 tV2(¢) s given by
<7

1 1 0 0
e 0 1+t+4+t2 1+4+2t+t? t

0 t 344t +3t2 44 Tt + 42

0 0 1+4t+1t%> 10+ 15t + 10t?

which is equal to 26 + 78t + 138t% + 162t3 + 138t* + 78t° + 26t°.
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A constant term expression for the determinant

Let n > 2 be a positive integer, and r be a positive integer such that

1 <r < n. Then the generating function 3, _ > tUr(®) is given by
2n-1

enen, [T (1-%) [T - 2)(1fo+2)"o+5)

1<i<j<n 17 1<i<j<n Yilizz ' '

n 1 -2 t n n 1
X 1+—) (1+—) (1+yj) :
Jl_!( Y] Yi H J iﬂl—xiyj

fi=
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Generalized domino plane partitions

Generalized domino plane partitions

A domino is a special kind of skew shape consists of two squares.
A 1 x 2 domino is called a horizontal domino while a 2 x 1 domino
is called a vertical domino.
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Totally symmetric self-complementary plane partitions

Generalized domino plane partitions

Generalized domino plane partitions

A domino is a special kind of skew shape consists of two squares.
A 1 x 2 domino is called a horizontal domino while a 2 x 1 domino
is called a vertical domino. A generalized domino plane partition
of shape A consists of a tiling of the shape A by means of ordinary
1 x 1 squares or dominoes, and a filling of each square or domino
with a positive integer so that the integers are weakly decreasing
along either rows or columns.
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Generalized domino plane partitions

Generalized domino plane partitions

A domino is a special kind of skew shape consists of two squares.
A 1 x 2 domino is called a horizontal domino while a 2 x 1 domino
is called a vertical domino. A generalized domino plane partition
of shape A consists of a tiling of the shape A by means of ordinary
1 x 1 squares or dominoes, and a filling of each square or domino
with a positive integer so that the integers are weakly decreasing
along either rows or columns. Further we call it a domino plane
partition if the shape A is tiled with only dominoes.
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Generalized domino plane partitions

Example

The left-below is a column-strict generalized domino plane
partition of shape (4, 3,2, 1), and the right-below is a column-strict
domino plane partition of shape (4, 4, 2).
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Twisted domino plane partitions

Definition

Let m and n > 1 be nonnegative integers. Let Z7}!TS denote the set
of column-strict generalized domino plane partitions ¢ subject to
the constraints that

(E1) c has at most n columns;

We call an element in @ﬂf’ a twisted domino plane partition, and
we simply write ZHTS for 22175,
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Totally symmetric self-complementary plane partitions

Twisted domino plane partitions

Definition

Let m and n > 1 be nonnegative integers. Let Z7}!TS denote the set
of column-strict generalized domino plane partitions ¢ subject to
the constraints that

(E1) c has at most n columns;

(E2) each part in the jth column does not exceed [(n + m —j)/2];

We call an element in XS a twisted domino plane partition, and

we simply write ZHTS for 22175,

Masao Ishikawa Refined Enumeration of TSSCPPs




Totally symmetric self-complementary plane partitions

Twisted domino plane partitions

Definition

Let m and n > 1 be nonnegative integers. Let Z7}!TS denote the set
of column-strict generalized domino plane partitions ¢ subject to
the constraints that

(E1) c has at most n columns;
(E2) each part in the jth column does not exceed [(n + m —j)/2];

(E3) A domino containing [(n + m — j)/2] must not cross the jth
column for any j such that n + m — j is odd.

We call an element in @ﬂf’ a twisted domino plane partition, and
we simply write ZHTS for 22175,
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Twisted domino plane partitions

Let m and n > 1 be nonnegative integers. Let Z7}!TS denote the set

of column-strict generalized domino plane partitions ¢ subject to
the constraints that

(E1) c has at most n columns;
(E2) each part in the jth column does not exceed [(n + m —j)/2];

(E3) A domino containing [(n + m — j)/2] must not cross the jth
column for any j such that n + m — j is odd.

(E4) A single box can appear only when it contains [(n + m —j)/2]
and it is in the jth column such that n + m —j is odd.

We call an element in @ﬂf’ a twisted domino plane partition, and
we simply write ZHTS for 22175,
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Twisted domino plane partitions

Example
@PTS — {@}
5t — {o, (1]}

4TS is composed of the following 3 elements:

:
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Twisted domino plane partitions

Example

4TS is composed of the following 10 elements:

o [1] [1]1] Al
lly 2] 2] 2|, 2|,]1

2875 has 25 elements and 2™ has 140 elements.
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Totally symmetric self-complementary plane partitions

Twisted domino PPs and RCSDPPs with all columns of

even length

Conjecture

For a positive integer n, there would be a bijection between #71/TS
(the set of twisted domono PPs) and ¢ (the set of restricted
column-strict domino PPs with all columns of even length) which
has the following property;
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Totally symmetric self-complementary plane partitions

Twisted domino PPs and RCSDPPs with all columns of

even length

Conjecture

For a positive integer n, there would be a bijection between #71/TS
(the set of twisted domono PPs) and 7 (the set of restricted
column-strict domino PPs with all columns of even length) which
has the following property;

© the numeber of 1's is kept invariant;
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Totally symmetric self-complementary plane partitions

Twisted domino PPs and RCSDPPs with all columns of

even length

Conjecture

For a positive integer n, there would be a bijection between #71/TS
(the set of twisted domono PPs) and 7 (the set of restricted
column-strict domino PPs with all columns of even length) which
has the following property;

@ the numeber of 1's is kept invariant;

@ the number of columns is kept invariant.
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Totally symmetric self-complementary plane partitions

Twisted domino PPs and RCSDPPs with all columns of

even length

General Conjecture

For a positive integer n, there would be a bijection between 0/,‘?;3
(the set of twisted domono PPs) and @ﬁm (the set of restricted
column-strict domino PPs with all columns of even length) which

has the following property;
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Totally symmetric self-complementary plane partitions

Twisted domino PPs and RCSDPPs with all columns of

even length

General Conjecture

For a positive integer n, there would be a bijection between J/f‘,‘ﬂ?
(the set of twisted domono PPs) and .@rﬁfm (the set of restricted
column-strict domino PPs with all columns of even length) which
has the following property;

© the numeber of 1's is kept invariant;
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Totally symmetric self-complementary plane partitions

Twisted domino PPs and RCSDPPs with all columns of

even length

General Conjecture

For a positive integer n, there would be a bijection between J/f‘,‘ﬂ?
(the set of twisted domono PPs) and .@rﬁfm (the set of restricted
column-strict domino PPs with all columns of even length) which
has the following property;

@ the numeber of 1's is kept invariant;

@ the number of columns of each PP is kept invariant.
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RCSDPPs with all columns of even length

Example
9¢ = {0}

7€ — {o, }

25 has the following 3 elements:

@l 1 1
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RCSDPPs with all columns of even length

@f has the following 10 elements:

0, 1|1] [2]1

I ’ I

Z¢ has 25 elements, ¢ has 140 elements, and 25 has 588
elements.
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Totally symmetric self-complementary plane partitions

A determinantal expression

Let n be a positive integer and let r be a integer such that
0<r<n.
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Totally symmetric self-complementary plane partitions

A determinantal expression

Theorem

Let n be a positive integer and let r be a integer such that
0<r<n. Ifniseven, letC5(t) = (Ciej)ogi’jgn/z_l be the
n/2 X n/2 matrix where

i+j—2\ f(i+j-2
ot ={da T 3) (55 here
i+i=2\ [i+j-2\ _fi+j-2\ (i+j-2
2 2
+{ (Zi—j—2)+(2i—i—1)+ ( 2i - | )+(2i—i+1

with the convention that CS’O =1+t, Cg‘l =t and Cle,o =0.
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Totally symmetric self-complementary plane partitions

A determinantal expression

Theorem

Let n be a positive integer and let r be a integer such that
0<r<n. Ifniseven, letCi(t) = (Cie:j)()si’jsn/z_l be the n/2x n/2
matrix where

e_12 1+t
i {(Zi—j—1)+( 2i - | )}( )
i+j-2 i+j—2 i+j-2 i+j-2
2 2 t
+{ (2i—j—2)+(2i—j—1)+ ( 2ij ) \aicj41
withtheconventionthatcoeo:1+t,Cg’l:tand Cle’O:O.

Then we obtain _
>t @ = detce(t).
dez&
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Totally symmetric self-complementary plane partitions

A determinantal expression

Theorem

Let n be a positive integer and let r be a integer such that
0<r<n. Ifnisodd, letCi(t) = (Cioj)og,jg(n_l)/z be the
(n+1)/2x (n + 1)/2 matrix where

o = (e o) Do e

i+j-3\ (i+j-3 i+j-3\ (i+j-3
2 2
+{ (2i—j—3)+(2i—j—2)+ (2i—j—1)+( 2i - |

with the convention that Cj, = 1, C§, = C5, = C7, =0,
Coy=1+tandCP =1+t+t2.
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Totally symmetric self-complementary plane partitions

A determinantal expression

Theorem

Let n be a positive integer and let r be a integer such that
O0<r<n. Ifnisodd, let Co(t) = (Cioj)og’js(n_l)/z be the
(n+1)/2 % (n 4 1)/2 matrix where

RSO R (g

i+j-3\ (i+j-3 i+j-3\ (i+j-3
2 2
+{ (Zi—j—3)+(2i—1—2)+ (Zi—j—1)+( 2i - |

with the convention that Cj, = 1, C§, = C5, = C7, =0,
C)y=1+tandC? =1+t+t?. Thenwe obtain

D79 = detc(t).

deg§
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Totally symmetric self-complementary plane partitions

A constant term expression for the determinant

Let n > 2 be a positive integer, and r be a positive integer such that
1 <r < n. Then the generating function 3, _ > tY (") is given by

2n-1
X; vi\ " 1\2 t
i i
crery [] (1_;) [ (“y)ﬂ(“;) (1+;)
1<i<j<n ] 1<i<j<n 17 i=2 ' '
n -2 n n
1 t 1
X 1+—) (1+—) (1-x)" .
Jl_l( Y Yi H | .l,_ll 1=y
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Totally symmetric self-complementary plane partitions

Monotone triangle conjecture

Definition

Let </ denote the set of n x n alternating sign matrices
a = (ajj)1<ij<n such that

Masao Ishikawa Refined Enumeration of TSSCPPs



Totally symmetric self-complementary plane partitions

Monotone triangle conjecture

Definition

Let ,%" denote the set of n X n alternating sign matrices
a = (ajj)1<ij<n such that

(*] aij:Oifi—j>k.
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Totally symmetric self-complementary plane partitions

Monotone triangle conjecture

Let </ denote the set of n x n alternating sign matrices
a = (ajj)1<ij<n such that

(*] aij:Oifi—j>k.

n=3k=0;:
1 00
0O 1 0
0 0 1

The generating function is 1.
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Totally symmetric self-complementary plane partitions

Monotone triangle conjecture

Let </ denote the set of n x n alternating sign matrices
a = (ajj)1<ij<n such that

(*] aij:Oifi—j>k.

n=3k=1;

1 00 1 00 0 10 0 0 1 0O 1 O
010 0 0 1 1 00 1 00 1 -1 1
0 0 1 010 0 0 1 010 0O 1 O

The generating function is 2 + 2t + t2.

Masao Ishikawa Refined Enumeration of TSSCPPs



Totally symmetric self-complementary plane partitions

Monotone triangle conjecture

Let ,,@/'n" denote the set of n X n alternating sign matrices
a = (ajj)1<ij<n such that

(*] aij:Oifi—j>k.

n=3k=2:
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k
gzmm

Definition
Let »~F

n,m

denote the set of RCSPPs ¢ € &, m such that
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Totally symmetric self-complementary plane partitions

k
gzn,m

Definition
Let %r‘jm denote the set of RCSPPs ¢ € &, m such that
@ c has at most k rows.
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k
gzn,m

Definition

Let %r‘jm denote the set of RCSPPs ¢ € &, m such that
@ c has at most k rows.

We write | for 2K .

Example

Ifn=3andk =0, L@g consists of the single PP:
0.

Zceﬁg e — 1

Masao Ishikawa Refined Enumeration of TSSCPPs




Totally symmetric self-complementary plane partitions
o

Definition

Let %r‘jm denote the set of RCSPPs ¢ € &, m such that
@ c has at most k rows.
We write 7 for 2% .

Example

Ifn=3andk =1, 9’% consists of the following 5 PPs:
0

et () = 2.4+ 2t +12
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Totally symmetric self-complementary plane partitions
o

Definition

Let %r‘jm denote the set of RCSPPs ¢ € &, m such that
@ c has at most k rows.
We write 7 for 2% .

Example

Ifn=3andk = 2, %’5 consists of the followng 7 PPs

0 2[1]
1

Sepz tU(®) =24 3t + 212
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Totally symmetric self-complementary plane partitions
The Mills-Robins-Rumsey conjecture in words of
RCSPPs

Conjecture (Conjecture 7 of Mills, Robbins and Rumsey, “Self-complementary totally symmetric plane partitions”,

J. Combin. Theory Ser. A 42, (1986).)

Let n, k and r be integers such thatn > 2,0 <k <n -1 and
0<r<n.
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Totally symmetric self-complementary plane partitions
The Mills-Robins-Rumsey conjecture in words of
RCSPPs

Conjecture (Conjecture 7 of Mills, Robbins and Rumsey, “Self-complementary totally symmetric plane partitions”,
J. Combin. Theory Ser. A 42, (1986).)

Letn, k and r be integers suchthatn >2,0<k <n-1and

0 <r <n. Then the number of ¢ in ¥ with U,(c) = j would be
the same as the number of alternating sign matrices

Gl = (ai,-)lgi,jgn € ank such that aj = 1.
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Totally symmetric self-complementary plane partitions
A Pfaffian formula

Let n > 2 be a positive integer, and k be a positive integer such
that 1 <k < n. If r is a positive integer such that 1 <r < n, then
the generating function for all plane partitions ¢ € 2% with the

weight tU(¢) is given by

= ) JnBN(t
DT AYO = jim e3P _r(‘n,k”)( )).
oy &—0 -B, (t)Jn Ln+N (8)
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Totally symmetric self-complementary plane partitions
A Pfaffian formula

Let n > 2 be a positive integer, and k be a positive integer such
that 1 <k < n. If r is a positive integer such that 1 <r < n, then
the generating function for all plane partitions ¢ € 2% with the

weight tU(¢) is given by

= ) JnBN(t
>0 = lim g-L%JPf( . -r('n,k”)( )).
oy &—0 -B, (t)Jn Ln+N (8)

For positive integers n and N, let BNY(t) = (bjj(t))o<i<n-1. 0gj<n+N-1
be the n x (n + N) matrix whose (i, j)th entry is

(6o ifi =0,
blj(t) - {(I]_—:ll) + ("_I_j'l)t otherwise.

Masao Ishikawa Refined Enumeration of TSSCPPs




Totally symmetric self-complementary plane partitions
A Pfaffian formula

Let n > 2 be a positive integer, and k be a positive integer such
that 1 <k < n. If r is a positive integer such that 1 <r < n, then
the generating function for all plane partitions ¢ € 2% with the

weight tU(¢) is given by

= ) JnBN(t
DT AYO = jim e3P _r(‘n,k”)( )).
oy &—0 -B, (t)Jn Ln+N (8)

For positive integers n, let J, = (i n4+1-j)1<ij<n b€ the n xn
anti-diagonal matrix.
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Totally symmetric self-complementary plane partitions
A Pfaffian formula

Let n > 2 be a positive integer, and k be a positive integer such
that 1 <k < n. If r is a positive integer such that 1 <r < n, then
the generating function for all plane partitions ¢ € 2% with the

weight tU(¢) is given by

= ) JnBN(t
>0 = lim g-L%JPf( . -r('n,k”)( )).
oy &—0 -B, (t)Jn Ln+N (8)

L™ (e) = (™) (6)asijen (K is even)

7(m.k)

|ij () =

(-1)7l¢ ifl<i<j<nandi<m+Kk,
(-7t ifm+k<i<j<n.
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Totally symmetric self-complementary plane partitions
A Pfaffian formula

Let n > 2 be a positive integer, and k be a positive integer such
that 1 <k < n. If r is a positive integer such that 1 <r < n, then
the generating function for all plane partitions ¢ € 2% with the

weight tU(¢) is given by

= ) JnBN(t
>0 = lim g-L%JPf( . -r('n,k”)( )).
oy &—0 -B, (t)Jn Ln+N (8)

L™ (e) = (™) (6))a<ijen (K is 0dd)

7(m.k)

(-1)~1le ifl<i<j<m+Kk,
|ij () =

(-1y71  ifl<i<j<nandm+Kk <j.
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A constant term identity

Let n be a positive integer. If0 <k <n-1and1<r <n, then
Yeemn 199 is equal to

e 1L (=30 2) (e

1<i<j<n
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Example of n =3

If n = 3 and k = 0, then the constant term of

G [ [ B[S

X2 X3
1
(1-x1) (1 -x2)(1-x3)
5 _y4 2 _ 3
1 x% X1 x}1 x% x13
det 1—x% xz—x}1 x%—x%
1—x3 X3 —X; X3 —X3

X (X2 = X]_) (X3 = Xl) (X3 = X2) (l = X1X2) (l = X1X3) (l = X2X3)

is equal to 1.
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Example of n =3

If n = 3 and k = 1, then the constant term of

G [ [ B[S

X2
1
(1-x1) (1 -x2)(1-x3)
_ 6 5 w2 _ 5
1 x%5 X1 x% x% x15
det 1—x% xz—x% x%—x25
1—x3 X3 —X{ X3 —Xg

X (X2 = X]_) (X3 = Xl) (X3 = X2) (l = X1X2) (l = X1X3) (l = X2X3)

is equal to 2 + 2t + t2.
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Example of n =3

If n = 3 and k = 2, then the constant term of

G [ [ B[S

X2
1
(1-x1) (1 -x2)(1-x3)
7 _y6 2 _ 5
1 x17 X1 X% x% x15
det 1—x27 xz—x%3 x%—x25
1-X3 X3—X; X3 — X3

X (X2 = X]_) (X3 = Xl) (X3 = X2) (l = X1X2) (l = X1X3) (l = X2X3)

is equal to 2 + 3t + 2t2.
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The end

Thank you!

Masao Ishikawa
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