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§1 Introduction

There are three well-known derivative nonlinear

Schrödinger (DNLS) equations, that is,

(i) Kaup–Newell equation:{
iqt + qxx − i(q2r)x = 0,

irt − rxx − i(r2q)x = 0.
(1)

(ii) Chen–Lee–Liu equation:{
iqt + qxx − iqrqx = 0,
irt − rxx − irqrx = 0.

(2)

(iii) Gerdjikov–Ivanov equation:{
iqt + qxx + iqrxq +

1
2q

3r2 = 0,

irt − rxx + irqxr − 1
2r

3q2 = 0.
(3)

Each of (1)–(3) admits the reduction of complex

conjugation r = ±q∗. Note that the sign ± is

not essential (cf. x 7→ −x).
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If we apply the dependent variable transforma-

tion,

Q = q exp
(
−2iδ

∫ x
qr dx′

)
,

R = r exp
(
2iδ

∫ x
qr dx′

)
,

to the Gerdjikov–Ivanov equation (3), we obtain

a one-parameter family of DNLS equations:

iQt +Qxx + i(4δ + 1)Q2Rx + 4iδQRQx
+ (δ + 1/2)(4δ + 1)Q3R2 = 0,

iRt −Rxx + i(4δ + 1)R2Qx + 4iδRQRx
− (δ + 1/2)(4δ + 1)R3Q2 = 0.

This coincides with

the Kaup–Newell equation (1) if δ = −1
2,

the Chen–Lee–Liu equation (2) if δ = −1
4,

and thus (1)–(3) are related by a change of vari-

ables.
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Each of the three representative DNLS equa-

tions (1)–(3) has its own advantages;

(i) Kaup–Newell equation:

• Simple and local Poisson bracket:

{q(x), r(y)} = δ′(x− y).

• The reduced equation

iqt + qxx + i(|q|2q)x = 0,

has many physical applications.

(ii) Chen–Lee–Liu equation:

• Canonical Poisson bracket:

{q(x), r(y)} = iδ(x− y).
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(iii) Gerdjikov–Ivanov equation (with a rescal-

ing of variables):{
iqt + qxx − 2qrxq − 2q3r2 = 0,
irt − rxx − 2rqxr + 2r3q2 = 0.

• Related to the (non-reduced) NLS equation,{
iut + uxx − 2u2v = 0,
ivt − vxx + 2v2u = 0,

(4)

either by a Miura transformation,

u = q, v = rx + r2q, (5)

or, by another Miura transformation,

u = −qx + q2r, v = r.
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§2 Inverse scattering method for DNLS

We can solve the Gerdjikov–Ivanov equation by

the inverse scattering method associated with

the Zakharov–Shabat eigenvalue problem.

As the Gerdjikov–Ivanov equation is embedded

in the NLS equation in two different ways (u =

q or v = r), we need to study gauge transfor-

mations linking these two embeddings.

More precisely, we notice a chain of gauge-equivalent

spectral problems,[
Ψ1
Ψ2

]
x
=

[
−iζ q

rx + r2q iζ

] [
Ψ1
Ψ2

]
, (6)

[
Ψ1

Ψ2 − rΨ1

]
x
=

[
−iζ + qr q
2iζr iζ − qr

] [
Ψ1

Ψ2 − rΨ1

]
,
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[
2iζΨ1

Ψ2 − rΨ1

]
x
=

[
−iζ + qr 2iζq

r iζ − qr

] [
2iζΨ1

Ψ2 − rΨ1

]
,

[
Φ1
Φ2

]
x
=

[
−iζ −qx + q2r
r iζ

] [
Φ1
Φ2

]
, (7)

Φ1 := 2iζΨ1 − q(Ψ2 − rΨ1),

Φ2 := Ψ2 − rΨ1.

We assume rapidly decaying boundary condi-

tions as x→ ±∞ and introduce the scattering

data between Jost functions for (6) by

ϕ(x, ζ) = ψ̄(x, ζ)A(ζ) + ψ(x, ζ)2iζB(ζ),

ϕ̄(x, ζ) = ψ̄(x, ζ)B̄(ζ)− ψ(x, ζ)Ā(ζ).

Then, the scattering data for the other Zakharov–

Shabat eigenvalue problem (7) is given by

ϕ′(x, ζ) = ψ̄′(x, ζ)A(ζ) + ψ′(x, ζ)B(ζ),

ϕ̄′(x, ζ) = ψ̄′(x, ζ)2iζB̄(ζ)− ψ′(x, ζ)Ā(ζ).
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Therefore, the Gerdjikov–Ivanov equation can

be solved using two copies of the inverse scat-

tering formulae for the Zakharov–Shabat eigen-

value problem.

We have only to replace the function F (x),

F (x) :=
1

2π

∫ +∞

−∞

B(ξ)

A(ξ)
e2iξxdξ − i

N∑
j=1

Cje
2iζjx,

in one set of Gel’fand–Levitan–Marchenko equa-

tions by ∂xF (x), and

F̄ (x) :=
1

2π

∫ +∞

−∞

B̄(ξ)

Ā(ξ)
e−2iξxdξ + i

N̄∑
k=1

C̄ke
−2iζ̄kx,

in the other set of Gel’fand–Levitan–Marchenko

equations by −∂xF̄ (x).
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The quantity

exp
(∫ x

−∞
qr dx′

)
,

can be computed without actually performing

the integration (Kawata et al.). Thus, we also

obtain an explicit formula for the solutions to

the Kaup–Newell equation.

Note that the Kaup–Newell equation,{
iqt + qxx − i(q2r)x = 0,

irt − rxx − i(r2q)x = 0,

can be written in the potential form:{
iψt + ψxx − iψ2xϕx = 0,

iϕt − ϕxx − iϕ2xψx = 0,

with q = ψx and r = ϕx. In fact, all elemen-

tary solutions to the Kaup–Newell equation can

be rewritten as the x-derivative of elementary

functions.
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§3 Integrable discretizations

We discuss integrable space discretizations of

DNLS equations that admit the reduction of

complex conjugation like r = ±q∗.

An integrable discrete version of the NLS equa-

tion (4) was proposed by Ablowitz and Ladik,

iun,t + un+1 + un−1 − 2un

− unvn(un+1 + un−1) = 0, (8a)

ivn,t − vn+1 − vn−1 + 2vn

+ vnun(vn+1 + vn−1) = 0. (8b)

Remark. The reduction vn = ±u∗n changes (8)
to a single equation,

iun,t+un+1+un−1−2un∓|un|2(un+1+un−1) = 0.
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We have shown that a natural discrete ana-

logue of the Miura map (5),

un = qn, vn = rn+1 − rn + rn+1rnqn,

connects the Ablowitz–Ladik lattice (8) with

the following lattice:

iqn,t + qn+1 + qn−1 − 2qn

− qn(rn+1 − rn)(qn+1 + qn−1)

− q2nrn+1rn(qn+1 + qn−1) = 0, (9a)

irn,t − rn+1 − rn−1 + 2rn

− rn(qn − qn−1)(rn+1 + rn−1)

+ r2nqnqn−1(rn+1 + rn−1) = 0. (9b)

This gives an integrable semi-discretization of

the Gerdjikov–Ivanov equation and admits the

reduction of complex conjugation,

rn = ±iq∗
n−1

2
.
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We note that the conserved density of the

Ablowitz–Ladik lattice (8),

log(1−unvn) = log(1+qnrn)+log(1−qnrn+1),

splits into two conserved densities of (9),

log(1 + qnrn), log(1− qnrn+1).

As a discrete analogue of the transformation,

Q = q exp
(
−2iδ

∫ x
qr dx′

)
,

R = r exp
(
2iδ

∫ x
qr dx′

)
,

we apply to the semi-discrete Gerdjikov–Ivanov

equation (9) the following transformation:

Qn = qn

n∏
j=−∞

(1− qj−1rj
1 + qjrj

)−2δ
,

Rn = rn

n∏
j=−∞

( 1− qj−1rj
1 + qj−1rj−1

)2δ
.
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Then we obtain a one-parameter family of DNLS

lattices, which admit the reduction,

rn = ±iq ∗
n−1

2
.

In the same way as in the continuous case, we

obtain a semi-discrete Chen–Lee–Liu equation

by setting δ = −1
4.

Next, setting δ = −1
2 (Qn → qn, Rn → rn),

we obtain the lattice,

iqn,t +
qn+1

1− qn+1rn+1
− qn

1− qnrn

− qn
1 + qnrn+1

+
qn−1

1 + qn−1rn
= 0, (10a)

irn,t −
rn+1

1 + rn+1qn
+

rn
1 + rnqn−1

+
rn

1− rnqn
− rn−1

1− rn−1qn−1
= 0,(10b)
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which gives an integrable space discretization

of the Kaup–Newell equation,{
iqt + qxx − i(q2r)x = 0,

irt − rxx − i(r2q)x = 0.

The semi-discrete Kaup–Newell equation (10)

can be written in a Hamiltonian form,

qn,t = {qn, H}, rn,t = {rn, H},

where the Hamiltonian and the Poisson brackets

are defined by

H =
∑
n

log
[
(1− qnrn)(1 + qnrn+1)

]
,

{qn, qm} = {rn, rm} = 0,

{qn, rm} = i(δn,m − δn+1,m).

This reduces to the local Hamiltonian structure

of the Kaup–Newell equation in a continuous

limit.
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The semi-discrete Kaup–Newell equation is as-

sociated with the inverse scattering problem,

Ψn+1 = LnΨn,

Ln =

[
z + (1z − z)qnrn

1
zqn

(1z − z)rn
1
z

]
. (11)

Remark 1. By a rescaling,

z = exp(−∆ · iζ), qn 7→ ∆qn, rn 7→ − i

2
rn,

the Lax matrix (11) has the asymptotic form

Ln =

[
1−∆ · iζ ∆ · qn
∆ · ζrn 1 + ∆ · iζ

]
+O(∆2),

which reduces to the Kaup–Newell eigenvalue

problem,[
Ψ1
Ψ2

]
x
=

[
−iζ q
ζr iζ

] [
Ψ1
Ψ2

]
,

in the continuum limit (∆ → 0).
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Remark 2. The Ln–matrix (11) can be fac-

tored into a product of two matrices:[
z + (1z − z)qnrn

1
zqn

(1z − z)rn
1
z

]
=

[
z qn
0 1

] [
1 0

(1z − z)rn
1
z

]
.

This corresponds to the decomposition into a

sum of two matrices in the continuous case:[
−iζ q
ζr iζ

]
=

[
−iζ q
0 0

]
+

[
0 0
ζr iζ

]
.

Remark 3. The zero-curvature condition

Ln,t+LnMn−Mn+1Ln = O, Ln = L
(2)
n L

(1)
n ,

is decomposed into two conditions

L
(1)
n,t + L

(1)
n Mn −N

n+1
2
L
(1)
n = O,

L
(2)
n,t + L

(2)
n N

n+1
2
−Mn+1L

(2)
n = O.

The reduction of Hermitian conjugation

L
(1) †
n+1

2

∼ L
(2)−1
n , M

†
n+1

2

∼ −N
n+1

2
,
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implies that the associated flows admit the re-

duction of complex conjugation rn ∝ q ∗
n−1

2
.

Remark 4. Through a gauge transformation

Φn = gnΨn, the Ln–matrix (11) is transformed

to a new form,

L′n = gn+1Lng
−1
n .

By properly choosing the gauge gn, the matrix

L′n satisfies the fundamental r-matrix relation:

{L′n(λ)⊗, L′m(µ)} = δn,m[L
′
n(λ)⊗ L′m(µ), r(λ, µ)],

for a certain 4 × 4 matrix r(λ, µ). This guar-

antees that the semi-discrete Kaup–Newell hi-

erarchy possesses a set of conserved quantities

in involution,

{Ij, Ik} = 0, j, k = 1, 2, . . . ,

that is, the Liouville integrability.
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§4 Inverse scattering for discrete DNLS

The inverse scattering method provides a solu-

tion formula for the Ablowitz–Ladik lattice, i.e.

un = K1(n, n), vn = K̄2(n, n),

where K1(n,m) and K̄2(n,m) solve the dis-

crete Gel’fand–Levitan–Marchenko equations,

K1(n,m)− F̄ (m) +

∞∑
j=0

∞∑
k=0

K1(n, n + j)

× F (n + j + k + 1)F̄ (m + k + 1) = 0, m ≥ n,

K̄2(n,m) + F (m) +

∞∑
j=0

∞∑
k=0

K̄2(n, n + j)

× F̄ (n + j + k + 1)F (m + k + 1) = 0, m ≥ n.
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Here, F̄ (m) and F (m) are defined in terms of

the scattering data as

F̄ (m) :=
1

2πi

∮
|µ|=1

B̄(µ)Ā(µ)−1µ−m−2dµ

+

N̄∑
j=1

C̄jµ̄
−m−2
j ,

F (m) :=
1

2πi

∮
|µ|=1

B(µ)A(µ)−1µmdµ

−
N∑
j=1

Cjµ
m
j ,

and solve the linear evolution equations,
i
∂F̄ (m)

∂t
+ F̄ (m + 1) + F̄ (m− 1)− 2F̄ (m) = 0,

i
∂F (m)

∂t
− F (m + 1)− F (m− 1) + 2F (m) = 0.
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The semi-discrete Gerdjikov–Ivanov equation,

iqn,t + qn+1 + qn−1 − 2qn

− qn(rn+1 − rn)(qn+1 + qn−1)

− q2nrn+1rn(qn+1 + qn−1) = 0,

irn,t − rn+1 − rn−1 + 2rn

− rn(qn − qn−1)(rn+1 + rn−1)

+ r2nqnqn−1(rn+1 + rn−1) = 0,

is related to the Ablowitz–Ladik lattice (8) by

the Miura map

un = qn, vn = rn+1 − rn + rn+1rnqn,

or, by another Miura map,

un = qn−1 − qn + qn−1qnrn, vn = rn.
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A gauge transformation that links these two

Miura transformations is given as follows:[
Ψ1,n+1
Ψ2,n+1

]
=

[
z qn

rn+1 − rn + rn+1rnqn
1
z

] [
Ψ1,n
Ψ2,n

]
,[

Φ1,n+1
Φ2,n+1

]
=

[
z qn−1 − qn + qn−1qnrn
rn

1
z

] [
Φ1,n
Φ2,n

]
,

Φ1,n =
( 1

z2
− 1

)
Ψ1,n −

qn−1

z(1− rnqn−1)

×
(
Ψ2,n −

1

z
rnΨ1,n

)
,

Φ2,n =
1

1− rnqn−1

(
Ψ2,n −

1

z
rnΨ1,n

)
.

Considering the effect of the factor 1/z2 − 1

on the scattering data, we arrive at a solution

formula for the semi-discrete Gerdjikov–Ivanov

equation,

qn = κ1(n, n), rn = κ̄2(n, n),
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where κ1(n,m) and κ̄2(n,m) satisfy modified

discrete Gel’fand–Levitan–Marchenko equations,

κ1(n,m)− F̄ (m) +

∞∑
j=0

∞∑
k=0

κ1(n, n + j)

× [F (n + j + k + 2)− F (n + j + k + 1)]

× F̄ (m + k + 1) = 0, m ≥ n,

κ̄2(n,m) + F (m) +

∞∑
j=0

∞∑
k=0

κ̄2(n, n + j)

×
[
F̄ (n + j + k)− F̄ (n + j + k + 1)

]
× F (m + k + 1) = 0, m ≥ n.
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After some manipulations, we also obtain a so-

lution formula for the semi-discrete Kaup–Newell

equation,

qn = χ1(n, n)− χ1(n + 1, n + 1),

rn = χ̄2(n, n)− χ̄2(n + 1, n + 1),

where χ1(n,m) and χ̄2(n,m) satisfy

χ1(n,m)− f̄ (m)−
∞∑
j=0

∞∑
k=0

× [χ1(n, n + j)− χ1(n, n + j + 1)]

× [f (n + j + k + 2)− f (n + j + k + 1)]

×
[
f̄ (m + k)− f̄ (m + k + 1)

]
= 0, m ≥ n,

χ̄2(n,m) + f (m)−
∞∑
j=0

∞∑
k=0

× [χ̄2(n, n + j)− χ̄2(n, n + j + 1)]

×
[
f̄ (n + j + k)− f̄ (n + j + k + 1)

]
× [f (m + k)− f (m + k + 1)] = 0, m ≥ n.
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§5 Summary

•We have discussed integrable discretizations

of DNLS equations, which admit the reduc-

tion of complex conjugation between two de-

pendent variables.

• These DNLS lattices are integrable by the

inverse scattering method. Specifically, they

can be solved by considering two copies of

the Ablowitz–Ladik eigenvalue problem and

the gauge transformation linking them.

• Soliton solutions can be constructed straight-
forwardly by solving the linear summation

(discrete integral) equations.
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