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§1 Introduction

There are three well-known derivative nonlinear
Schrodinger (DNLS) equations, that is,
(i) Kaup—Newell equation:
{ 19t + Qua — i(QZT)aj = 0, (1)
7y — Tpgp — i(fr2q)x = 0.
(ii) Chen—Lee—Liu equation:

iQt + Qrx — i(]?“(]g; — 07 (2)
17t — Ty — 17qry = 0.

(iii) Gerdjikov—Ivanov equation:

G+ oo Higreg + 3010 =0,
R S
t — Txg +1rqeT — 57°q" = U.

Each of (1)-(3) admits the reduction of complex
conjugation r = +¢*. Note that the sign =+ is

not essential (cf. z +— —x).



If we apply the dependent variable transforma-

tion,

() = qgexp (—215 /x qr da;/>,

i
R=rexp (215/ qr da;’),

to the Gerdjikov—Ivanov equation (3), we obtain
a one-parameter family of DNLS equations:
1Qt + Qua +1(46 + 1)Q? Ry + 40QRQ.,
+(6+1/2)(46 + 1)Q’R* =0,
iR; — Ry +1(46 + 1)R*Q, + 46 RQR,
— (6 +1/2)(40 + DRQ* = 0.
This coincides with
the Kaup—Newell equation (1) if 6 = —%,
the Chen—Lee-Liu equation (2) if § = —%,
and thus (1)—(3) are related by a change of vari-

ables.



Each of the three representative DNLS equa-

tions (1)—(3) has its own advantages;

(i) Kaup—Newell equation:

e Simple and local Poisson bracket:

{a(@),r(y)} = d'(z —y).
e The reduced equation

19t + Qrg + i<|CI’29)x =0,

has many physical applications.

(ii) Chen—Lee—Liu equation:

e Canonical Poisson bracket:

{a(z),r(y)} =10(z —y).



(iii) Gerdjikov—Ivanov equation (with a rescal-

ing of variables):

igt + qua — 2q72q — 2¢°7 = 0,
1Tt — Tyg — 21qQeT + 27“3q2 = 0.

e Related to the (non-reduced) NLS equation,

Ut + Uy — 2ty = 0, (4)
1Vt — Ugpp + 2y = 0,

either by a Miura transformation,
u=gq, v=ry+ryq, (5)
or, by another Miura transformation,

u:—qx+q2r, V=T,



§2 Inverse scattering method for DNLS

We can solve the Gerdjikov—Ivanov equation by

the inverse scattering method associated with

the Zakharov—Shabat eigenvalue problem.

As the Gerdjikov—Ivanov equation is embedded

in the NLS equation in two different ways (u =

q or v = 1), we need to study gauge transfor-

mations linking these two embeddings.

More precisely, we notice a chain of gauge-equivalent

spectral problems,




21CVq
Vo — r\y
Dq |
Do |

i +qr 2i(q 21CUq
r i( — qr o —r\Wy |

T iC Dy
$p 1= 2i¢Vy — q(Wo — 1),
Doy = Wy — 1.

| —iC —qx+q27“] [@1]7 7

We assume rapidly decaying boundary condi-

tions as x — £o0o and introduce the scattering

data between Jost functions for (6) by

oz, ) = Y(z, QA(C) + ¥(z, ()21(B((),
Az, ¢) = (z,()B(C) — ¥(x, OA(Q):
Then, the scattering data for the other Zakharov—
Shabat eigenvalue problem (7) is given by

& (z,¢) = ¥'(z, QAQ) +¥'(z, O)B(C),
&' (w,¢) = ' (x, Q)21¢B(C) — ¥'(x, OA(C).
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Therefore, the Gerdjikov—Ivanov equation can
be solved using two copies of the inverse scat-
tering formulae for the Zakharov—Shabat eigen-

value problem.
We have only to replace the function F'(x),

o 1 +OOB( 215:1: 21C;x
F(:z:).—%/_oo G de — Zce e

in one set of Gel’fand—Lewtan—MarChenko equa-
tions by 0, F(x), and

1 [T BE) o, - ~2iCp
F(z) = 27T/ NGY d€+1k§_:10ke “

in the other set of Gel’tand—Levitan—Marchenko
equations by —d, F'(z).




The quantity

xr
exp ( / qr d:z;/),

0

can be computed without actually performing
the integration (Kawata et al.). Thus, we also
obtain an explicit formula for the solutions to

the Kaup—Newell equation.

Note that the Kaup—Newell equation,
{ 1t + Quz — i<q2r>x — Y,
T — Tog — i(r2q)x = 0,
can be written in the potential form:
{ iwt + wxx — 1¢:%€bx =0,
it — buw — 1030 = 0,
with ¢ = ¥, and r = ¢,. In fact, all elemen-
tary solutions to the Kaup—Newell equation can
be rewritten as the x-derivative of elementary

functions.



§3 Integrable discretizations

We discuss integrable space discretizations of
DNLS equations that admit the reduction of

complex conjugation like r = +¢*.

An integrable discrete version of the NLS equa-

tion (4) was proposed by Ablowitz and Ladik,

Uy t + Up+1 + Up—1 — 2Up
— UpUp(Upas1 +up—1) =0, (8a)
Wnt — Uptl — Up—1 + 2Up

+ Uptn (Vi1 +vp—1) =0.  (8b)

Remark. The reduction v, = +u} changes (8)

to a single equation,

iun,t+un+1+un_1—2un$]un\Z(unHJrun_l) = 0.
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We have shown that a natural discrete ana-

logue of the Miura map (5),

Unp = (qn, Unp =Tp+1 — Tn + Tne1"ndn,

connects the Ablowitz—Ladik lattice (8) with
the following lattice:

Iqn,t + Gn+1 + qn—1 — 24n
— qn(rnr1 — ) (@n1 + an—1)
_‘Q%Tn+lrn(9n+4_+‘9n—ﬂj =0, (%)
pt — Tntl — Tp—1 1 27n
— nlgn — qn—1)(rn+1 + Tn—1)
+ T @ntn—1(rp+1 + rp—1) = 0. (9b)
This gives an integrable semi-discretization of

the Gerdjikov-Ivanov equation and admits the

reduction of complex conjugation,

- 3k
r, = *i .
n q _1

2
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We note that the conserved density of the
Ablowitz—Ladik lattice (8),

log(1—unvyp) = log(1+qnry)+log(1—gnryi1),

splits into two conserved densities of (9),

log(1 + gnrn), log(l — gnrny1)-

As a discrete analogue of the transformation,

() = gexp (—21(5 /x qr dx/),

i
R =rexp (215 / qr d:L"),

we apply to the semi-discrete Gerdjikov—Ivanov

equation (9) the following transformation:

Q- IT ()™

j=—00

L —q;_q7r; \20

I+ qj—17j—1




Then we obtain a one-parameter family of DNLS
lattices, which admit the reduction,

*

1.
n=3

In the same way as in the continuous case, we
obtain a semi-discrete Chen—Lee-Liu equation

by setting 0 = —%.

Next, setting 0 = —% (Qn — qn, Rn — Tn>7

we obtain the lattice,

: dn+1 dn
1qn.t + —
" L —qpi1rne1 1 —aqnrn
- Il o (10n)
L+ agnrp1 1+ an—1mn
T T
irn,t o n+1 4 n
l+7p11gn 1+ 7Tngn—1
T ThH__
o n-l  _0,(10b)

L—rngn 1 —Tp—1qn—1
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which gives an integrable space discretization

of the Kaup—Newell equation,

{ 19t + Qua — i(QZT)QE = 0,
i1y — Topp — i(r2q)x = 0.

The semi-discrete Kaup—Newell equation (10)

can be written in a Hamiltonian form.,

n,t = {Qna H}7 'n,t = {T’m H};

where the Hamiltonian and the Poisson brackets

are defined by

H = Z 10g[(1 — ann)<1 T QanrH—l)}v

{an, am}t = {rn,rm} =0,

{an,rm} = i<5n,m — 5n+1,m)-
This reduces to the local Hamiltonian structure
of the Kaup—Newell equation in a continuous
limit.
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The semi-discrete Kaup—Newell equation is as-

sociated with the inverse scattering problem.

\Ijn—l—l — anjna

1

SR =

Remark 1. By a rescaling,
i
z=exp(=A-iC), qnr> Agn, T _57%,7

the Lax matrix (11) has the asymptotic form

[ 1 —A-1C A-qp
LAy 1THALC

which reduces to the Kaup—Newell eigenvalue

3]~ 3][
Wol, LCric| V]

in the continuum limit (A — 0).

[ +ow),

problem,
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Remark 2. The Lp—matrix (11) can be fac-
tored into a product of two matrices:

[Z+(%—Z)qnm %qn]_[z Qn] [( 1 0].

(% — 2)Tn % 0 1 1_ 2)Trn %

Z
This corresponds to the decomposition into a

sum of two matrices in the continuous case:

—1¢ ¢ | | —1C ¢ N 0 0

Cr i | 0 0 Crid |-
Remark 8. The zero-curvature condition

2 1
Lt +LnMy—My 1Ly = O, Ly = LYLY,
18 decomposed into two conditions
DWWy N i —o
n+§

n,t
2 2 2
LE) + LN, — MyiLy) = 0.

n+§

The reduction of Hermitian conjugation

W @-1 ot
Ln+% Ln ’ Mn+% Nn—l—%’
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implies that the associated flows admit the re-

duction of complex conjugation ry, o< g * .
n__
2

Remark 4. Through a gauge transtormation
¢, = gV, the Ly—matrix (11) is transformed

to a new form,

Ly = gn+1Lngy -
By properly choosing the gauge g, the matrix

L7, satisfies the fundamental r-matrix relation:

{LuN) QL (1)} = dnmlLiy () @ Ly (), (A, )],

for a certain 4 x 4 matrix (A, p). This guar-
antees that the semi-discrete Kaup—Newell hi-
erarchy possesses a set of conserved quantities

in involution,

(I,,} =0, jk=12,..,

that is, the Liouville integrability:.
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84 Inverse scattering for discrete DNLS

The inverse scattering method provides a solu-

tion formula for the Ablowitz—Ladik lattice, i.e.
up = Ki(n,n), vy = Ks(n,n),

where Ki(n,m) and Ky(n,m) solve the dis-

crete Gel'tand—Levitan—Marchenko equations,

Ki(n,m) — F(m)+» > Ki(n,n+j)

j=0 k=0
me+j+k+DFmH%H4y:07nzm

Ks(n,m) + F(m +ZZKan+]

1=0 k=0
X Fin+j+k+1)Fm+k+1)=0, m>n.

18



Here, F'(m) and F'(m) are defined in terms of

the scattering data as

_ 1 _ _ IR
F(m):= — B(p)A(p) ™™™ dp
2L |l=1
N
+> Gy ™",
j=1
1 _
F(m) = — B(p)A(p) ™ ™ dps
| pl=1
N
=D Cyuf!
j=1
and solve the linear evolution equations,
;-
OF _ _ _
i 8(7;m> + Fm+1)+ F(m—1)—2F(m) =0,
\

i@F (m)
. Ot

—Fm+1)—F(m—1)4+2F(m) = 0.
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The semi-discrete Gerdjikov—Ivanov equation,

iqn,t T dn+1 + Gn—1 — 24n
— (1 — ) (@nt1 + dn—1)
— %%Tnntlrn(QnJrl T Qn—1> = 0,
pt — Tntl — Tp—1 1 27n
—rn(qn — gn—1)(rna1 +7n-1)
+ Tndn—1(Tp41 + Tn—1) = 0,

is related to the Ablowitz—Ladik lattice (8) by
the Miura map

Un = (qn, Un =7Tp+1 —Tn T+ n+1"ndn,

or, by another Miura map,

Unp = qdn—1 — q9n + dn—19nT™n, Un = Tn.
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A gauge transformation that links these two

Miura transformations is given as follows:

_\Ijl,n+1 ] Z qlnl [\Ijl,n
I \Ij2,n+1 | Tn+l — Tn T Tn+1Tndn S \PQJ’?
i D1 nt1 _ 2 Qp—1—Qn + Qn—lan’n] [q)l,n
i @2,n+1 | | T'n % (I)Z,n
1 dn—1
Oy, — (_ _ 1)@ _
Ln 22 Ln Z(l — TnQn—l)

1
X (\PZ,n - ;Tn\Ian) ;

1 1
(I)Q,n = 1 (\PZ,n — _T’nqjl,n)-
— 'ndn—1 <

Considering the effect of the factor 1/z° — 1
on the scattering data, we arrive at a solution
formula for the semi-discrete Gerdjikov—Ivanov

equation,

4n — "il(na n)a 'm — RQ(”) n)a
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where k1(n,m) and R9(n, m) satisfy modified

discrete Gel'tand—Levitan—Marchenko equations,

X[F(n+j+k+2)—Fn+j+k+1)
x Fim+k+1)=0, m>n,

Ro(n,m) + F(m) + Z Z Ro(n,mn + 7)

X |[Fin+j+k)—Fn+j+k+1)
XFm+k+1)=0, m>n.
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After some manipulations, we also obtain a so-
lution formula for the semi-discrete Kaup—Newell

equation,

dn = Xl(n7n> T Xl(n + 1777/ + 1)7
rmn = x2(n,n) — xo(n+1,n+ 1),

where x1(n, m) and )Zg(n m) satisfy

)~ i) =3

1=0 k=0
xi(n,n+7) —xa(n,n+j+ 1)]
fin+j+k+2)— fin+j+k+1)]
[f(m%—k)—f(m%—k%—l)}:O, m > n,

X
X
X

X2(n,m) + f(m E:Ez

1=0 k=0
X [xa(n,n+ j) — xo(n,n +j + 1)]
X [ fln+ji+k)—fn+j+k+1)
X |fim+k)— fim+Ek+1)]=0, m>n.
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§5 Summary

e We have discussed integrable discretizations
of DNLS equations, which admit the reduc-
tion of complex conjugation between two de-

pendent variables.

e These DNLS lattices are integrable by the
inverse scattering method. Specifically, they
can be solved by considering two copies of
the Ablowitz—Ladik eigenvalue problem and

the gauge transformation linking them.

e Soliton solutions can be constructed straight-
forwardly by solving the linear summation

(discrete integral) equations.
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